The spin transport in isotropic Heisenberg model in the sector with zero magnetization is generically super-diffusive. Despite that, we here demonstrate that for a specific set of domain-wall-like initial product states it can instead be diffusive. We theoretically explain the time evolution of such states by showing that in the limiting regime of weak spatial modulation they are approximately product states for very long times, and demonstrate that even in the case of larger spatial modulation the bipartite entanglement entropy grows only logarithmically in time. In the limiting regime we derive a simple closed equation governing the dynamics, which in the continuum limit and for the initial step magnetization profile results in a solution expressed in terms of Fresnel integrals.
Introduction
The isotropic Heisenberg chain is a premier theoretical model of quantum many-body physics. It is in principle solvable by the Bethe ansatz [1] , but in-spite of that, its transport properties are in general still beyond the reach of exact calculations. This in particular holds for magnetization (or spin) transport, for which at half-filling (the sector with zero magnetization) all known (quasi)local conservation laws are orthogonal to the current [2] and the Mazur bound [3] can not be used to infer the ballistic transport. Likewise, recently introduced hydrodynamic approaches [4, 5, 6, 7] based on the thermodynamic Bethe ansatz give no prediction at the isotropic point and halffilling.
Numerical studies on the other hand show super-diffusive magnetization transport at high energy, by either studying non-equilibrium steady state situation in terms of boundary driven Lindblad master equation [8] , unitary evolution of initial states [9, 10] , as well as the current autocorrelation functions [11, 12] . Super-diffusive transport is also indirectly hinted at by vanishing of spin Drude weight (in the anisotropic Heisenberg XXZ model when the anisotropy parameter ∆ 1) [13, 14, 15, 16, 17, 18] and at the same time diverging diffusion constant as ∆ 1 [8, 10] (also seen in Refs. [19, 20, 21] as an increasing diffusion constant as ∆ decreases towards 1). For a discussion of transport properties of the anisotropic Heisenberg model see e.g. references in Ref. [22] .
The properties mentioned above hold for generic states (i.e., at high temperature). It is well known that some special states, an extreme example would be the ground state, can on the other hand show very different behaviour. To give a few examples, Lindblad boundary-driven isotropic model at maximal driving can exhibit sub-diffusive transport [23] , while a domain wall state in the gapped anisotropic model exhibits exponential inhibition of transport [9, 24] .
However, specific situations in which non-equilibrium dynamics can be treated either exactly or very efficiently are potentially very valuable. In the present paper we shall analytically and numerically show that there is a simple class of initial product states, namely the states which represent tilted domain wall states, for which dynamics in the isotropic Heisenberg model is diffusive and which remain very close to a product state for exponentially long times.
The model
In this work we study the time evolution of a specific family of states in the one dimensional XXZ Heisenberg spin 1/2 model with n lattice sites,
Here the spin 1/2 operators are expressed in term of Pauli matrices as s
The particular states of interest that we shall study are tilted domain wall state even for very large times. Lastly, we shall comment on the applicability of our theoretical description for more generic initial states and for the anisotropic Heisenberg model.
Numerical simulations
We study the time evolution |ψ(t) = exp(−iHt)|ψ by means of a time-dependent density matrix renormalization group (tDMRG) method, also known as TEBD algorithm [31, 32, 33] . Choosing an initial state |ψ(t = 0) , Eq. (2), with some particular θ 0 and ∆ = 1 we show in Fig. 1 an example of the time evolution of magnetization and current densities. We see that the edges of the propagation front move ballistically Figure 1 . Time evolution of the local magnetization density s(x, t) (a) and current density j(x, t) (b) for an initial state parametrised by θ 0 = 7π 18 . Two things can be observed: (i) a diffusive x ∼ t 1/2 spreading of peaks/troughs in the magnetization/current profiles, and (ii) a trivial ballistic light-cone spreading with velocity v = 1, related to a maximal propagation speed of one spin-flip per unit of time.
with velocity v = 1, while more interestingly, the bulk of the magnetization within the light-cone moves considerably slower. This slower transport is in fact diffusive, as can be nicely seen in Fig. 2 where we show scaled profiles at three different times. The choice of the scaled variable ξ = x/t 1/2 is a clear indication of diffusive transport for such an initial state.
Repeating the simulation for different values of θ 0 we obtain the exponent α shown in Fig. 3(a) . One can see that, except very close to θ 0 = 0 (fully polarized domain), one always obtains the same diffusive α = 1/2. Looking at a time-dependent exponent α(t), calculated as a numerical log-derivative d log ∆s(t)/d log t, Fig. 3(b) , we see in fact that even for large cos θ 0 the exponent α also seems to converge to 1 2 on a long time-scale that can be larger that our maximal simulation time (t ≈ 200 for small θ 0 ). Based on that we conjecture that the dynamics is asymptotically diffusive for all θ 0 > 0
), while at θ 0 = 0 (fully polarized domain) it is super-diffusive with exponent α = show our conjecture for the asymptotic α based on detailed analysis of the numerical data (red points). The points near The reason why we can reach such long simulation times lies in a slow growth of bipartite entanglement entropy, (6) where λ j are time-dependent Schmidt coefficients obtained as a by-product of the tDMRG algorithm [31, 32, 33] . Our numerical simulations strongly support the conjecture that for any 0 < θ 0 < π the entanglement entropy grows logarithmically S n/2 (t) ∝ log t, or as a very slow power-law (despite very long accessible simulation times it is hard to distinguish the two), see Fig. 4 . Note that such growth is typical in local quenches [34] . Another interesting observation is that the state appears to remain approximately a product state up to long times in the limit of small magnetization, θ 0 → π 2
. Fig. 5 shows the factorisation error 1 − λ 2 1 defined as the sum of squares of Schmidt coefficients
with M being the Schmidt rank. In the next section we will explain the observed behaviour in the limiting regime of small π/2 − θ 0 when the state is almost a product state.
Theoretical explanation
Observation that the state ψ(t) is almost a product state suggests the following more general product state ansatz
with some time-dependent angles θ x (t) and φ x (t). Note that this is nothing more than a mean-field type ansatz. For the particular class of initial states that we use, Eq. (2), one has φ x = 0 due to the symmetry. Evaluating the derivative of the wave function for an arbitrary pair of neighbouring sites (x, x + 1) we get
where h x,x+1 = s
is a local 2-site Hamiltonian. A similar type of ansatz (8) could be generalized to higher-dimensional Hamiltonians that can be expressed as a sum of local nearest-neighbour permutations, namely, the ordinary Heisenberg Hamiltonian h x,x+1 is an example of such a Hamiltonian that acts on a local Hilbert space of dimensions 2. Writing the Schrödinger equation within the ansatz (8), − θ x §, derive the diffusion equations with an imaginary diffusion constant (i.e. single-particle Schrödinger equation)
which, in the continuum limit simply reads
Given our step initial condition (2) we can use this differential equation (11) forwhich is, in the limit → 0 related to the magnetisation as s 
where 0 = π 2 − θ 0 , and S(z) and C(z) are the Fresnel sine and cosine integrals, respectively, defined as
(13) § Due to rotational invariance we could in fact expand around an arbitrary direction. A comparison between the tDMRG results and a numerical solution of equation (10) as well as the closed-form solution (12) in the continuum limit is shown in Fig.  6 . One can see that the solution of the difference-differential equation (10) describes the exact state almost perfectly, while the continuum solution (12) has somewhat larger error, however, the part with larger error is in the tails (e.g., |x| ≥ 500 in Fig. 6 ) and is pushed towards infinity as time increases. Even though the derivation of equation (12) requires small , the overall shape of the profile is approximately described by the same theoretical shape given in equation (12) • above the equator and one still has an oscillatory domain wall shape.
Stability of the approximate solution and generalizations
We are now going to discuss the stability of our approximate solution derived in the previous section with respect to varying the initial state as well as the anisotropy ∆. This will give us some information on how special is our class of initial states (2) . The accuracy of the approximate solution with respect to parameters γ x = x+1 − x (an angle between two consecutive spins in the Bloch representation) and anisotropy ∆ may be studied in the same way by looking at the 2-body Hamiltonian. Performing a small step in time analytically |ψ(t + ∆t) = N (|ψ + iH∆t|ψ(t) ), where N is the normalisation and |ψ = (cos( 
We see that the isotropic case ∆ = 1 for which we demonstrated diffusive evolution and very slow growth of entanglement is special because the first two orders in γ are zero. Using the factorisation error (7) as a criterion of factorizability of the state, we show in Fig. 7 its dependence on the initial angle θ 0 as well as on deviations from the isotropic point |∆ − 1|. We see that the above equation reproduces the observed power-law errors in the product state ansatz.
Unfortunately, this approach can not tell us much about the rate at which these errors will accumulate at later times and hence cannot be used to derive the conjectured logarithmic growth of entanglement entropy. In our simple tilted domain wall case, only a single pair of sites has a non-zero value of γ in the beginning which represents a sort of local quench and likely plays an important role in being able to describe such long times both analytically and numerically.
We note that equations (10) and (14) hold for an arbitrary initial state (not just the one in Eq.(2)) if the angles between consecutive spins |γ x | (once again in the Bloch representation of a two-level system) are sufficiently small for all x. So one could in principle use (10) to evolve a more generic initial product state than ours (2) by simply locally rotating the spins to a different basis such that all three relevant x are small (10) . However, because the local rotations can be different at different sites the equations are in general non-linear. There is an additional important difference for such an initial product state as compared to (2) : the entanglement entropy S n/2 (t) will grow initially quadratically in time (instead of log-like as in Fig. 4 ) and the state remains an approximately a product state for considerably shorter times than the state (2) (note that for sufficiently small angles this time can still be very large. For example, we can reach t ≈ 10 4 for γ x = π 1800
, where γ x is the angle between two consecutive spins of an initial product state parametrized by a random walk on the surface of the Bloch sphere).
We suggest that a similar procedure should be possible for the anisotropic XXZ chain. The difference being that the initial state of a half-chain is no longer a spatially homogeneous state, but rather the so-called spin-helix state [35] , which is an eigenstate of the XXZ Hamiltonian (up to boundary terms), described by Bloch-angles profile    φ x+1 = φ x ± arccos(∆) θ x+1 = θ x ; ∆ < 1 φ x+1 = φ x θ x+1 = arccos 2(cos(θx)± √ ∆ 2 −1∆ sin 2 (θx)) −(∆ 2 −1) cos(2θx)+∆ 2 +1
; ∆ > 1 .
Note that one should fix the sign in ± across individual half-chains in order for it to remain stable for long times. The initial state of the entire chain would then be a concatenation of two such chains with a sole (small) defect in φ x or θ x at the connecting pair of spins.
Discussion

